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In this paper we are concerned with the vector differential equation, 
x(n) + ,4,.x+-l + .” + Anp,x”i +f(x) = e(t). (1) 
Here 1 < R < n, .V is in H” and the Ai are real m x m matrices. f  : R”’ + R” is a 
real continuous function of .r and e: R - RI” is a real continuous function of t 
with period w (> 0). It is our purpose to prove a theorem which generalizes 
Theorem 2 in Sedziwy [I] and Theorem 4 in Reissig [2] with the hypothesis 
(iv)‘. 
THEOREM. Assume 
(i) det(h+kf, t An-L--rA, / ... / -4+J $5 0 if h = 2nri/w with r a 
nonzffo integff. 
Also assume that for some x0 > 0, (Y (0 < 01 < I), K > 0 
(ii) If(x)1 <plslmfor xo<l.xl <22x,, 
(iii) xrf(x) > K 1 .r 1~ If(x)1 for x,, < 1 x / < 2x,, , whwe XT denotes the 
transpose of x. 
Then (1) has an w-periodic solution ;ffor some k; (0 < KI < K) 
(iv) / w-l st e(t) dt 1 < KI 1 .T la--l 1 f(x)1 for x,, < ] x j < 2x, and 
(v) K-l(K - ICI)-I (K + Kl) /A < ( 16wM)-1, K(K - Kl) (K + K,)--l AT,,” 
> 16wM(C + E) or 
(v)’ x,, > 2ME (in case f(x) = 0 in x,, & 1 x / < 2x,,) hold. Here C = 
sup{! f (x)1: I x 1 ,( x0>, E = sup{1 e(t)1 : 0 ,( t < w} and M is a constant depending 
on137 on the ,4i’s and W. 
Remarks. (a) Note that when f (x) is not identically zero in x0 < ( N 1 < 2x, 
then (iii) implies K < (2.x+*. 
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(b) Sedziwy’s Theorem 2 in [l] corresponds to the above theorem when 
a = 1, k = 1 and A,-, is symmetric and positive definite. Note that we have 
combined Sedziwy’s two results into one, the first one corresponding to the case 
K, = 0. For the second one, we have replaced the condition on E by a condition 
on w-l J-r e(t) dt only. 
(c) Reissig’s Theorem 4 in [2] with hypothesis (iv)’ corresponds to our 
theorem when Ki = 0, A,-, is nonsingular and, when K = 1, A,-, is symmetric. 
Reissig’s conditions on f are somewhat stronger than ours. 
(d) Suppose (i) holds and there exist 01 (0 < 01 < l), K > 0 and Ki 
(0 < Ki <K) such that 
IfWIll x la + 0 as Ixl--tw 
Cf(4 b K I x IJL IfWl for 1 .r I sufficiently large 
and 
Iw-lJ‘oWe(t)dtl <K1]x]a-l]f(~)] for(xlsufficientlylarge. 
Iff(x) is identically zero for ( x / sufficiently large then x,, can be chosen so that 
f(x) = 0 in x,, < ) x ( < 2x, and (v)’ is satisfied. Otherwise CL, x0 can be chosen 
so that (ii), (iii), (iv) and (v) are satisfied and f(x) is not identically zero in 
x,, < [ x 1 < 2x,,. In either case the theorem applies to yield an w-periodic 
solution for (1). 
Proof of the theorem. The homogeneous equation, 
X(n) + &&l-l) + . . . + A,&$.(k) = 0, 
admits only constants as w-periodic solutions. Hence, by the Fredholm alter- 
native, there exists a constant M such that if g(t) is a continuous w-periodic 
function with st g(t) dt = 0, then the inhomogeneous equation, 
.x(n) + &d-1 + ... + A,&d~) = g(t), (2) 
has a unique w-periodic solution x(t) such that st x(t) dt = 0 and 
II dT) II < fif II g II (0 < 7 B n), 
where I/ 11 denotes the supremum norm. 
Now suppose f (x) = 0 in x0 f 1 x / < 2x,, and (i), (ii), (iii), (iv) and (v)’ hold. 
Then clearly w-l jt e(t) dt = 0. Let y(t) be the unique w-periodic solution of 
39) + A,A+-~) + **- + Anprdk) = e(t) 
such that Jf y(t) dt = 0. Then 
IIYII Q ME. 
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By (v)‘, there esists a constant c such that 
and so 
S(, + / ?’ Ii < c < 2X” - II?’ /! 
.\‘I, ‘.: / y(t) + c ] < 2X” for all t. 
This implies that y(t) $ c is an w-periodic solution of (1). 
Now we suppose that .f(.v) is not identically zero in .vO .(, 1 x 1 < 2s,, and (i), 
(ii), (iii), (iv) and (v) hold. By continuity, there exists a, > 0 such that if 
0 < a < a,, then 
when h = 2mi/w (r a nonzero integer). But, when A = 0, this determinant equals 
am. We conclude that if 0 < a < a,, , the linear equation, 
has no nontrivial w-periodic solutions. 
Choose a fixed a > 0 such that a < a,, , a < iK,x;’ when OL = 0 and 
a < min{&.K&-l, 4 (2” - 1) (C + E)l-a-lK~-‘) when 0 < a! < 1. Here 
& = K(K - Kl) (K + K,)-1 (SwM)-1. 
We consider the system, 
x(“’ + A$‘l-l) + ..’ + A,-$(~) $ ax = ii-j(x) + e(f) + ax] (3) 
and shall show that if x(t) is an w-periodic solution of it for any h such that 
0 < X < 1, then 11 N I/ f  2.~~. It then follows by the Leray-Schauder continua- 
tion theorem (cf. [3, 41 where similar arguments are used) that (3) admits an 
w-periodic solution for the case X = 1, when (3) is identical with (1). 
So let x(t) be an w-periodic solution of (3) with 11 x Ij = 2.~ . Then 
x(t) - w-l s; x(t) d . t IS an w-periodic solution of the inhomogeneous linear 
equation (2) with 
g(t) r A[--f(m(t)) + e(f)] -+ (A - 1) ax(t) 
and has mean value 0. It follows, in particular, that 
II x” II < iv II g !I 
Thus 
= Msup{l A[-f(X(t)) + e(t)] + (A - 1) ax(t)]: 0 < t < w}. 
II x’ II < Af[(C i- -q -t (P II x IP + n II x II)]. (4) 
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Now there exists t, in [0, w] such that / x(to)l = jj x 11 . Then, for 0 < t < W, 
II x II - I x(t)l G I XV,) - xw 
< ,fif[(C + E) t- (P(2%p1 + 4 II x Ill 
< wM(C + -q + t II x II , using (v) and K < (~xJ-~. 
So, using (v) and K < (2~,,)l-~ again, 
Hence 
1 x(t)\ 3 ;.r, - wM(C + E) > x0. 
Now 
for all t. 
g(t) = x.fMt)) - Eel + (1 - 4 44 
= -[x’“‘(t) + A#‘-l)(t) + ..’ + An&.iX(yt)] + h[e(t) - E,], 
where E, = w-1 sr e(t) dt, is an w-periodic function with mean value 0. Write 
G(t) = Jig(s) ds. Integrating by parts, we get 
But 
lo x(t)‘&) dt = - SW x’(t)= G(t) dt. 
0 ” 
(5) 
xon I w [A If(Wl + (1 - 4 a I WI dt 0 
< i w [A I x(t)P If(x(t))l + (1 - 4 a I x(t)l’+Q] dt 0 
< 2(K - K,)-’ so [A(K - KJ I .$)I” lf(x(t))l + (1 - 4 a / +)I21 dt 
0 
since K - Kl < K < (ZX~)~-~ 
< 2(K - K&l j-U [XX(t)= (f(W) - Eo) + (1 - 4 a I #)I21 dt 
0 
using (iii) and (iv) 
= 2(K - K&l SW x(t)= g(t) dt 
0 
< 2(K - K&l j-w I WI j-” (4f(.+))l + I Eo II + (1 - 4 a I xb)l) ds dt 
0 0 
using (5) 
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< 2(K - K,)-’ w 11 S’ 11 iw [A(1 + k;~;-l) If(~(t))l + (1 - A) a j X(t)i] dt 
‘0 
using (iv) 
G 2(K - ~,)-l (1 + Key;-‘) w 11 s’ ,I i” [A If( + (I - A) a 1 .+)I] dt. 
-0 
so 
x0” < 2(K - KJl (1 + K,x;-l) w 11 x’ 11 
< 4(K - K,)-l (1 + K&-l) w 11 x’ II = KS 11 x’ (1 
< K&f(C + E) + $x0= + 2K,Mzx,, by (4) and (v). 
Hence x0 must satisfy the inequality, 
xoa < 2K,M(C + E) + 4K&‘ax, . (6) 
I f  (Y = 0, this inequality implies, using (v), that 
x0 > (~K,Mu)-~ (1 - 2K,M(C + E)) > (~K&z-~. 
This contradicts the choice of a. 
Ifa=l,weget 
and so 
xo < =,WC + E) + +x0 
x0 < 4K,M(C + E). 
This contradicts the second inequality in (v). 
I f  0 < 01 < 1, the expression, 
4K,Mux, + 2K,M(C + E) - xoa, 
regarded as a function of x0, is negative when x0 = 2[2K,M(C + E)la-l 
(using the condition on a) and is strictly decreasing thereafter until x0 = 
[LY/~K.J&](~-~)-‘. But here 
2[2K,M(C + E)lm-’ < x0 < [~/~K&u](‘-~)-~, 
by (v) and the condition on a, and hence the inequality (6) does not hold. So we 
have a contradiction again. 
Thus in all cases we get a contradiction and the proof of the theorem is 
complete. 
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